An increase in the number of studied Type Ia supernovae (SNe Ia) has demonstrated that this class of explosions has a greater diversity in its observables than was previously assumed. The reasons (e.g. the explosion mechanism, progenitor system) for such a diversity remain unknown. Here, we analyse a sample of r-band light curves of SNe Ia, focusing on their behaviour ∼ 2-4 weeks after maximum light, i.e. the second maximum. We characterise the second maximum by its timing (t r 2 ) and the integrated flux (F r 2 ). We find that t r 2 correlates with the "colour-stretch" parameter s BV , which can be used as a proxy for 56 Ni mass, and F r 2 correlates with the transparency timescale, t 0 . Using F r 2 for a sample of 199 SNe from the Palomar Transient Factory and intermediate Palomar Transient Factory, we evaluate a distribution on t 0 for a sample of SNe Ia found in an "untargeted" survey. Comparing this distribution to the predictions of t 0 ranges from models we find that the largest overlap in t 0 values between models and observations is for the sub-Chandrasekhar double detonation models. We also compare our relations between t 0 and F r 2 with that from 1-D explosion models of Goldstein & Kasen (2018) and confirm that F r 2 can be used as a diagnostic of the total ejecta mass.
INTRODUCTION
Type Ia supernovae (SNe Ia) exhibit diverse observable properties (see Hillebrandt, Kromer, Röpke & Ruiter 2013; Maguire 2017 , for a review). SNe Ia show a great diversity in their spectroscopic display (e.g. Blondin, et al. 2012; Folatelli, et al. 2013) and their peak luminosities differ by a factor of ∼ 10 (e.g. Suntzeff 1996 Suntzeff , 2003 Stritzinger et al. 2006; Li et al. 2011; Taubenberger 2017) . The amount of 56 Ni (Contardo, Leibundgut & Vacca 2000) and the total ejected mass (Scalzo et al. 2014 ) also show a wide dispersion. The dispersion in the 56 Ni masses can explain the widthluminosity relation (WLR; Phillips 1993) which is used to correct the SN Ia peak luminosity and use them as distance indicators in cosmology (see Goobar & Leibundgut 2011; Leibundgut & Sullivan 2018 , for a review).
Spectroscopically normal SNe Ia have optical (B-band) light curves showing a rise to maximum of ∼ 18 days and a post-maximum decline to an exponentially declining tail. However, at redder wavelengths (izY JHK) filters the light E-mail: semeli@fysik.su.se curve morphology is markedly different, showing two maxima (Elias et al. 1981; Hamuy et al. 1996; Meikle 2000) . Kasen (2006) explains the emergence of the second maximum as a result of the ionisation transition in the irongroup elements (IGEs) in the ejecta from doubly to singly ionised, leading to a weakening of Fe iii and Co iii lines and a strengthening of Fe ii and Co ii lines (see also Blondin, Dessart, & Hillier 2015) . The timing of the second maximum (t 2 ) is a function of the optical decline rate (Hamuy et al. 1996; Dhawan et al. 2015) indicating that objects with more synthesized 56 Ni have a later second maximum. Hence, t 2 has been used to estimate the 56 Ni mass and to standardize the SNe for distance measurements in cosmology (Shariff et al. 2016 ).
In r-band, SNe show a weaker second maximum compared the redder filters, akin to a plateau starting at ∼ 15 days after maximum. The aim of this study is to characterise the features of the r-band light curve and to quantitatively search for relations with global properties of the SN explosion, e.g. the total radioactive 56 Ni mass and total ejecta mass. This is important also to understand the cause of the r-band plateau feature, which has not been studied before.
With this paper, we aim to fill the gap in light-curve studies with observations in r-band.
The onset of large programs to observe samples of SNe Ia at low-redshift (z < 0.1) has a led to a large library of r-band light curves. Ongoing and recently concluded campaigns, e.g. the Carnegie Supernova Project (CSP-I) (Contreras et al. 2010; Stritzinger et al. 2011) , CfA supernova program (Hicken et al. 2009 ), Palomar Transient Factory (Rau, et al. 2009, PTF; ) , Carnegie Supernova Project-II (Hsiao et al. 2018; Phillips et al. 2018), Zwicky Transient Facility (ZTF; Graham et al. in preparation) , Foundation Supernova Survey (Foley, et al. 2018) , have provided and will provide multi-band light curves of SNe Ia. Hence, this investigation is very timely to understand the characteristics of r-band light curve features and how they connect to physical properties of SN explosions. Moreover, studies with theoretical light curves, cross-matched with spectra, have postulated a causal mechanism for the r-band plateau. Therefore, a study of the observational properties of SNe Ia will be highly complementary to the existing theoretical work.
The structure of this paper is as follows: in Section 2 we describe the datasets used in this study and in Section 3 we detail the methodology for fitting the r-band light curves. We present our results in Section 4 and finally discuss them and conclude in Section 5 and Section 6.
DATA
In this investigation, we analyse correlations between wellunderstood decline parameters, bolometric light curve properties and r-band properties at late times (note that in this paper late times refers to epochs later than 10 days after maximum light). We use data from the Carnegie Supernova Project (CSP-I) (Contreras et al. 2010; Stritzinger et al. 2011) and CfA supernova program (Hicken et al. 2009 ) for analysing the correlations between the different light curve properties.
The Palomar Transient factory (PTF) and its successor the intermediate transient factory (iPTF) were large fieldof-view transient surveys that discovered and obtained light curves for hundreds of SNe Ia (see Papadogiannakis et al. 2019, for details) . Unlike the CSP and CfA, which were exclusively follow-up campaigns, PTF/iPTF also discovered the SNe, giving a better control on the selection effects in finding them, important for characterising properties for a population of SNe Ia (Papadogiannakis et al. 2019) . The drawback of this dataset is that it mostly has photometry in one filter, which is the R-band for a large fraction of the SNe. Since we want to characterise the r-band second maximum, we only use data for SNe in the phase range +10 to +40 days (an example is shown in Figure 1) .
A summary of the SNe used in this study along with their derived properties of the secondary maximum is presented in the Appendix A.
ANALYSIS
In this section, we describe the analysis method for evaluating the parameters in the study. We use two different methods to probe the plateau or secondary maximum in the r-band where we determine the time of the plateau (t r 2 ) and calculate the integrated normalised flux around the dates of the plateau (F r 2 ). We use the same symbols for both the r-band and R-band used with the CSP-I, CfA and PTF and iPTF survey data respectively. In this analysis, we explore whether these properties of the r-band plateau correlate with the global properties of SNe Ia, e.g. total radioactive nickel mass, total ejecta mass. In previous studies it has been shown that the ordering parameter s BV (Burns et al. 2014) correlates with the peak bolometric luminosity (Hoeflich, et al. 2017 ). Arnett's rule states that the instantaneous rate of energy deposition from radioactive decay equals the output flux at maximum (Arnett 1982) . Hence, we use the s BV parameter as a proxy for the 56 Ni mass in our analyses. In previous studies, it has been shown that the transparency timescale (t 0 ), i.e. the epoch at which the ejecta optical depth is unity, is directly related to the total ejecta mass (Jeffery 1999; Stritzinger et al. 2006) .
Hence, we test for correlations between the properties of the plateau with the ordering parameter s BV and the transparency timescale. Below, we describe the method for evaluating the properties of the plateau, t r 2 and F r 2 , as well as the transparency timescale. The ordering parameter s BV is calculated using the "colour model" in the SNooPy light curve fitting software (Burns et al. 2014) .
Time of secondary maximum
To estimate the time of the plateau or secondary bump in r-band, t r 2 , we first run Gaussian processes (GP) with a Matérn 2 3 kernel to get the most likely function, the latent function , that describes the data and its uncertainty.
Gaussian processes is a non-parametric way of predicting the underlying function behind data and works well with unevenly spaced data, such as the one we have. It is also able to predict an error for each given part of the function which sets it apart from other techniques.
To accommodate the GP priors we normalise the fluxes so that the mean error is 1 and compute t r 2 in flux space. To get a better understanding of the error of the t r 2 estimate we then perturb the data points within their errors 100 times using Monte Carlo simulations and get 100 latent functions. We then compute the derivative of the sampled functions with respect to time and choose the t r 2 as a point with zero derivative and negative second derivative that lies between day +13 and +40 with respect to maximum light. Using the results of this we can then determine the probability that we have encountered a maximum, a shoulder or neither for each SN. If there is an inflection point rather than a bump we calculate the point of inflection and call it a shoulder.
In Figure 1 an example fit is shown. We used the same Monte Carlo simulations to estimate the error of t r 2 . In our final sample we require the SNe to have at least 4 data points within the times +10 and +40 days with respect to maximum light and a standard deviation of the t max of less than 1.6 days. All SNe rejected by these criteria were visually inspected to make sure no good fit was rejected. This leaves 112 SNe from CfA, 70 SNe from CSP and 240 SNe from PTF and iPTF for which a t r 2 measurement could be obtained. The green shaded green area shows the estimate of the F r 2 . In the lower panel the curve shows the derivative of the most likely function given by GP and the dispersion of the derivative in grey lines. The green solid line shows the estimation of t r 2 averaged over all MC runs.
Integrated flux under the secondary maximum
Another way that we quantify the r-band secondary maximum is using the mean normalised flux integrated in the interval +15 and +40 days with respect to maximum light (F r 2 ). This metric to quantify the second maximum was proposed by Krisciunas, et al. (2001) for the i-band, and here, we adapt it for the r-band. We calculate F r 2 by integrating the latent function from heteroscedastic GP of the rest-frame light-curve normalised to the peak flux and divided by the number of days of the interval. By using GP we get a data driven estimate of the error that allows a robust measurement even when there are gaps in the data. We require at least 4 data points within the integration interval. We get measurements of F r 2 of 61 SNe from CfA, 53 SNe from CSP and 199 SNe from PTF and iPTF. The two parameters, F r 2 and t r 2 are related as seen in figure 2.
Transparency timescale
In previous studies (Jeffery 1999; Stritzinger et al. 2006) , it has been shown that the transparency timescale, i.e. the epoch at which the ejecta have optical depth of unity, is a proxy for M ej . The transparency timescale is evaluated from the bolometric light curve by fitting a radioactive decay energy (RDE) deposition curve to the tail of the observations. We use a standard least squares fitting methodology in this analysis. We add an error of 2 days to the error from the fit of t 0 , corresponding to the average error in inferring the rise time of an SN Ia (see Scalzo et al. 2014 , for details). The bolometric light curve is created from the multi-band photometry using the method described in Dhawan, et al. (2018) . We convert the observed magnitudes to de-reddened fluxes and interpolate the filters onto the same time step. The fluxes are integrated using the trapezoidal rule and then converted to absolute luminosities using the observed dis- CfA Cf A91bg Cf A91T Figure 3 . Time of the bump, t r 2 versus s BV for the SNe from CSP and CfA. The dashed line shows the best fit straight line with a Spearman r = 0.7 and a p − value < 10 −11 . The gray data points show the spectroscopic outliers such as 91bg and 91T-like SNe from both surveys.
tances (e.g., see Contardo, Leibundgut & Vacca 2000) . The expression for the RDE deposition curve is given as follows:
where the factor (1-exp(-τ γ )) is replaced by 1 for 56 Ni since complete trapping of γ-rays occurs at early times, when most of the light curve is powered by 56 Ni. λ N i and λ Co are the efolding decay times of 8.8 days and 111.3 days for 56 Ni and 56 Co respectively. Q Ni γ (1.75 MeV) is the energy release per 56 Ni → 56 Co decay. Q Co γ (3.61 MeV) and Q Co e + (0.12 MeV) are the γ-ray and positron energies, respectively, released per 56 Co → 56 Fe decay (see Stritzinger et al. 2006 ). Equation 1 is only applicable in the optically thin limit, when the thermalized photons can freely escape. τ γ is the mean optical depth, calculated by integrating from the point of emission to the surface of the ejecta (see Jeffery 1999 , for a derivation of the expression). It has a simple t −2 dependence, given as,
where t 0 is the transparency timescale, which by construction in Jeffery (1999) is the epoch at which the optical depth is unity.
RESULTS
The timing of the NIR second peak has been shown to correlate with light curve properties relating to the peak absolute brightness (e.g. decline rate, ∆m 15 ) (Hamuy et al. 1996; Folatelli, et al. 2010; Biscardi, et al. 2012; Dhawan et al. 2015) . Here, we investigate whether the r-band bump shows any significant trends with similar light curve parameters. Burns et al. (2014) demonstrated that the ∆m 15 light curve shape parameter does not adequately capture the diversity of SNe Ia, especially at the faint end, where the SNe transition to the exponential decline at < 15 days from maximum light. As an alternative, they propose a "colour-stretch" parameter s BV , which is more accurate at ordering even the faint end of the observed distribution of SNe Ia properties. Previous studies have shown that s BV is correlated strongly with bolometric properties e.g. L max (Dhawan, Leibundgut, Spyromilio & Blondin 2017; Hoeflich, et al. 2017) and hence, a strong indicator of global properties like 56 Ni (Arnett 1982) . Thus, we use s BV as a proxy for the intrinsic luminosity of the SN.
In Figure 3 , we plot the resulting correlation between t r 2 and s BV and find a strong correlation between the two quantities (Spearman r = 0.7 and a p-value < 10 −11 ). This indicates that SNe with a later t r 2 are intrinsically brighter, similar to the behaviour for the equivalent feature at redder wavelengths (Hamuy et al. 1996; Folatelli, et al. 2010; Dhawan et al. 2015) . Hence, t r 2 can be used as a possible luminosity indicator. However when we look at how t r 2 correlates with the Hubble residuals in the Mould R-band from the PTF and iPTF sample we find no correlation suggesting that at least in the R-band, t r 2 is not a good predictor for luminosity.
The above correlation relates t r 2 features to the intrinsic luminosity in the B-band. We investigate whether t r 2 also correlates with observables relating to progenitor properties, e.g. the total ejected mass. Previous studies have noted that the transparency time-scale (t 0 ) of the bolometric light curve can be an indicator for the ejecta mass (Jeffery 1999; Stritzinger et al. 2006; Scalzo et al. 2014; Dhawan, Leibundgut, Spyromilio & Blondin 2017) with longer timescales corresponding to higher masses. The transparency time-scale is the epoch when the optical depth of the SN ejecta is unity. We derive it from the bolometric light curve by fitting a radioactive decay energy (RDE) deposition curve to the tail (+40 to +90 days) of the light curve (see Jeffery 1999; Stritzinger et al. 2006; Scalzo et al. 2014, for details) .
Due to the stringent cuts on the data to sample the peak in u → H filters, the final sample of SNe with F r 2 and t 0 measurements is comparatively smaller and coming from the CSP sample only. We note that the small size of the dataset shows the importance of having a parameter, derived only from a single filter, that correlates with t 0 to derive t 0 values for a large sample of SNe. We find a significant correlation between the transparency time-scale, t 0 and the integrated flux as indicated in Figure 4 with a Spearman R = 0.8 and a p-value of < 10 −5 . The best fit parameters are:
Since the PTF and iPTF data have a series of well sampled R-band light curves (Papadogiannakis et al. (2019) ) from an untargeted survey, we can apply Equation 3 to a large dataset where the lack of multi-band data would have otherwise prevented us from deriving t 0 in the absence of the above relation. We get an extrapolated distribution of t 0 shown in Figure 5 . The uncertainty on the derived t 0 for each object is ∼ 3 days, we expect that a larger sample of SNe for deriving the best fit relation will decrease this error.
In previous works a direct comparison of the model predictions for t 0 versus other global properties (e.g. 56 Ni mass) has been important to suggest that multiple progenitor channels could be contributing to the observed diversity of SNe Ia (Scalzo et al. 2014; Childress, et al. 2015; Wygoda, Elbaz & Katz 2017; Dhawan, et al. 2018 ). Additionally, studies have compared different properties of SNe Ia (e.g. brightness, 56 Ni mass) with the predictions from models Piro, Thompson & Kochanek 2014) . We present the distribution of t 0 , such that it can be compared with theoretical predictions for specific model scenarios to distinguish between the different possibilities for the origin of SNe Ia. In Figure 5 we overplot the ranges of t 0 from a range of different models taken from the Heidelberg Supernova Model Archive Kromer, et al. (2017) . The models represented are the pure detonations (det) from , "double detonation" (doubledet) from Fink et al. (2010) , gravitationally confined detonation (gcd) from Seitenzahl et al. (2016) and violent merger models (merger) from Pakmor et al. (2010) and Pakmor et al. (2012) . Since the uncertainty on the inferred t 0 for the SNe from PTF and iPTF is of order a few days, we do not compare individual SNe to model predictions, but rather compare the range of t 0 values observed to the predicted ranges for the different model grids. We note that no model covers the entire distribution but the "double detonation" (doubledet) model is that that covers the largest part of the distribution and the violent merger models cover the least. In Table 1 we show which percentage of the distribution is covered by each of the tested models. While our focus here is on the r-band, the method can be applied to other filters as well. We apply the same analysis for the i-band data of CSP and CfA and find similar correlations as seen in figure 6 and 7.
We note that the dispersion in the t i 2 vs. s BV relation is tighter in the i-band than in the r-band whereas the relation between t 0 and F i 2 has similar scatter. This reproduction of correlations seems to indicate a common origin of the r-and i-band secondary maximum as discussed in Kasen (2006) .
In Figure 8 we show the correlation between the i-band and the r-band integrated flux, F i 2 and F r 2 . Kromer, et al. (2017) . The gravitationally confined detonations (gcd) scenario is not listed above since it only has one model and hence, we cannot calculate a range of overlap.
DISCUSSION
We find that t r 2 are correlated with s BV as well as the transparency timescale, indicating its link to fundamental properties of the SNe, e.g. luminosity, ejecta mass. We derive equivalent relations for the models and compare them to the observations. From the transparency timescale, t 0 , that we derived earlier, we can get the total ejecta mass (M ej ) using the equation ( Figure 6 . I the left panel we show t 0 vs. t i 2 and in the right panel t 0 vs. F i 2 . We note similar correlations as seen for r-band. Figure 7 . Here we show the relation between s BV and t i 2 that is tighter than that in the r-band.
for the PTF and iPTF sample. This equation describes the capture rate of γ rays in an expanding spherical volume for a given distribution of the radioactive material. Here, v e is the e-folding velocity, which provides the scaling length for the expansion and q represents the distribution of the 56 Ni in the ejecta. The range of expected v e values is between ∼ 2600 and 3200 km s −1 with a typical value for a normal SN Ia being ∼ 3000 km s −1 . For the value of q, 1/3 implies uniformly distributed ejecta with higher values, till a maximum of unity, implying progressively more centrally concentrated 56 Ni. For the comparison with the relations from the model described below we use v e = 3000km/s and q = 1/3, typical values for a normal SN Ia (see Figure 9 . As in pre- vious studies, we assume a constant γ-ray opacity of 0.025 cm 2 g −1 (Swartz, Sutherland & Harkness 1995) . When comparing with radiative transfer model from Goldstein & Kasen (2018) we find a strong correlation between t 0 and F r 2 suggesting that bump features in the r-band can be directly connected to the ejecta mass M ej . We analyse a grid of 4500 state-of-the-art radiative transfer models from Goldstein & Kasen (2018) which span a large range of the physical parameters of SNe Ia, e.g. kinetic energy, total mass, radioactive nickel mass. We compute synthetic photometry in the SDSS-r band and evaluate t r 2 and F r 2 values for the models. The aim is to note whether the models directly show a correlation between M ej (which is M W D for SNe Ia since the complete white dwarf (WD) is unbound in the explosion) and t r 2 or F r 2 , and hence, confirm or refute using theoretical predictions whether the r-band bump can be used to derive physical properties for large samples of SNe Ia. We note that the models of Goldstein & Kasen (2018) are computed under the assumption of local thermodynamic equilibrium (LTE), which does not hold true for the phase of the light curve probed by the bump (see Goldstein & Kasen (2018) ), however, they can be used to determine relations between the parameters.
While we find that the bump like feature in the model is more pronounced than in the data and hence, cannot be used for robust estimates of the theoretical values of t r 2 and F r 2 , we can use the inferred values for understanding correlations between the parameters. For models with M W D > 0.5 M there is a strong correlation between M W D and t r 2 . Explosion modelling has shown that carbon-oxygen WDs of masses 0.7 M leads to an SN Ia, the low limit on the mass of the exploding WD. Hence, for comparing observations to models, we look at the mass range (M W D > 0.7 M ).
We also find that the M W D value is correlated with F r 2 (Figure 9 ). This provides corroborating evidence F r 2 values can be used as a diagnostic of the M ej for SNe Ia. This Figure 9 . The total mass vs. F r 2 from the Goldstein & Kasen (2018) models. We limit the models shown to the ones with kinetic energy between 0.7 − 1.2 × 10 51 erg since that is the physically motivated limits (e.g. Blondin et al. 2017) . For comparison we have plotted the total mass vs. F r 2 for the data (black squares). We derived the total mass from the t 0 using typical values of v e and q from explosion models (see text for more details). The best fit line from the data is shifted using the intercept from the models but keeping the same slope (black line). This shows that the model and the data find similar trends between the total mass and F r 2 .
in turn means that we can probe the M ej for higher redshifts compared to a similar analysis in the i-band in surveys such as LSST to get an estimate of the M ej for higher redshifts provided a minimal cadence of 5 restframe days in order to get a t r 2 and F r 2 measurement. However, it is important to note that the range of the two free parameters in equation 4 is large and when converting to M ej this gives rise to such large uncertainties that it is not possible to accurately quantify the best fit values. We do see a qualitative trend for both the data and the models from Goldstein & Kasen (2018) in the same direction but not with the same values.
CONCLUSIONS
In this paper we present two methods of measuring the secondary maximum of light-curves in the r-band that also work for redder bands, e.g. i-band. We then used the Carnegie Supernova Project (CSP-I) (Contreras et al. 2010; Stritzinger et al. 2011) and CfA supernova program (Hicken et al. 2009 ) to derive correlations that we applied to the light-curve sample of PTF and iPTF (Papadogiannakis et al. 2019) to show the distribution of the transparency timescale which is a proxy for total mass. Since the distribution comes from an untargeted survey it represents more closely the true distribution of SNe Ia since the bias of finding SNe in larger galaxies is limited. In summary our main conclusions are:
• We find a significant correlation between t r 2 and s BV which suggest brighter SN have a later bump in the r-band, since s BV correlates with the peak brightness of the SN and 56 Ni mass.
• There is a significant correlation between F r 2 and the transparency timescale, t 0 which is a measure of when the SN ejecta becomes optically thin and is a probe for the total mass of the SN Ia explosion.
• These correlations suggest that SN physics can be extracted from the secondary maximum in r-band just as the secondary maximum in the NIR and IR, but with more accessible resources and less observing time.
• We also find a correlation between F r 2 and total mass when examining the light-curves in the r-band from the Goldstein & Kasen (2018) models for masses larger than 0.3 M solar . We note that the shape of the r-band lightcurves in the models do not agree with our observations and that the LTE approximations and thus it is only reasonable to compare the trend which is in agreement with our data. More accurate modelling is necessary to further investigate the correlation between F r 2 and total mass.
• We see a correlation between the total mass from the modes from Goldstein & Kasen (2018) and F r 2 strengthening the suggestion that F r 2 is a probe of the total mass.
• When doing the same analysis in the i-band similar correlations are found.
• We present a distribution of the transparency timescale t 0 from PTF and iPTF and compare it to models. We find that no model covers the entire range of values from the observations. This paper has been typeset from a T E X/L A T E X file prepared by the author.
